Abstract: Light-emitting diodes (LEDs) come in many varieties and with a wide range of radiation patterns. We propose a general, simple but accurate analytic representation for the radiation pattern of the light emitted from an LED. To accurately render both the angular intensity distribution and the irradiance spatial pattern, a simple phenomenological model takes into account the emitting surfaces (chip, chip array, or phosphor surface), and the light redirected by both the reflecting cup and the encapsulating lens. Mathematically, the pattern is described as the sum of a maximum of two or three Gaussian or cosine-power functions. The resulting equation is widely applicable for any kind of LED of practical interest. We accurately model a wide variety of radiation patterns from several world-class manufacturers.
Introduction
Today, LEDs are everywhere, in many shapes and forms, and cover a wide range of applications from indicator lights to solid-state lighting. They are gradually taking over traditional radiation sources because of their attractive characteristics [1] [2] [3] . The need for realistic lighting designs is growing, but LEDs are far more difficult to model than the conventional sources. This is worsened because there is a wide variety of LED radiation patterns.
A radiation pattern describes the relative light strength in any direction from the light source. Several approaches are used to model this in real light sources. The models currently employed can be classified as analytical approximations or Monte Carlo ray tracing [4] [5] [6] [7] . A ray tracing model is very useful when analyzing and designing the package and the secondary optics for the source. The analytic models are very useful when studying and optimizing the radiation transfer from the source to a target without intermediate complex optics. This is very common with LEDs because they have integrated optics. Secondary optics can also be analytically designed by non-imaging optics methods [8] . Additionally, an analytic equation of the radiation pattern gives researchers and lighting designers more flexibility in analyzing the light in their application.
Radiometric and photometric modeling of a light source can be separated into two classes: near field and far field. In near field a source is modeled as an extended area, and it is usually assumed that the distance to the illuminated target is shorter than 5 times the maximum source dimension [9] [10] [11] . A far-field model assumes that the target is farther from the source than this nominal separation, and models the source as an emitting point. However, this rule of thumb is not so easily applied to LEDs because of the radiance complexity and wave effects [12] [13] [14] . Then the concept of the mid field was proposed [14] , which is similar but not equal to the radiometric near field. The rapid variation of the light pattern in the mid field opens a window for verification of an optical model for a light source like an LED. Using the radiometric definition, a high-power LED with a 1mm 2 chip should have a 5-mm near field, but in practice up to 20-mm mid fields are found.
In this paper we consider the region after the mid field, i.e. the far field region, where the normalized radiation pattern does not change with the LED-to-target distance. In most cases, the LED's far field began at a short distance. For example, measurements on high-power LEDs (with a 1mm 2 chip) in our laboratory indicate that this distance (from the tip of the LED) is about 20mm for some power LEDs, and a little longer in multi-chip LEDs [15] .
The radiation pattern in far field is characterized by the angular intensity distribution. Radiant (or luminous) intensity is the radiant (or luminous) flux per solid angle in a given direction from the source. In this paper, we realistically model the radiant (or luminous) intensity of LEDs, which is useful in many applications (see Sec. 5) .
In what follows, we describe in detail our generalized analytic model. In Section 2, we examine some general properties of an LED radiation pattern, and propose a simple equation that renders the contributions from the emitting region (chip), and the light redirected by the reflecting cup and the encapsulating lens. In Sec. 3, we describe a procedure to fit the model to particular types of LEDs. A radiation pattern gallery for several manufacturer datasheets is presented in Sec. 4, as well as the irradiance calculation. Some typical applications are briefly commented in Sec. 5 and we give our conclusions in Sec. 6.
Model development
LEDs are available in many different beam patterns which makes it difficult to find a general model for the multiple LED types. Based on our experience in radiometric theory and ray tracing simulations [12, 14, 15] , we developed a phenomenological model based on light propagation characteristics from its generation inside the chip to its propagation through the packaging lens. Phenomenological models are of utmost importance for real applications in almost all branches of scientific practice, because they relate the real phenomenon to the underlying fundamental theory.
In LEDs, light is produced by spontaneous emission from the light-emitting region of chip. Therefore, the generated light is incoherent and its superposition is a linear combination in intensity terms. From the radiometric point of view, the emitting region is a Lambertian light source. Before exiting the chip, the light generated in this region propagates through different media and types of surfaces. The radiation pattern emitted by every chip face will generally be Lambertian, although in some LEDs, this pattern is modified by special microstructures on the chip and by wave guide effects inside the chip.
The final light pattern generated by an LED is the result of the sum of three terms: the light directly refracted by the encapsulating lens, the light internally reflected inside the lens, and the light reflected by the reflecting cup. These contributions generally are continuous functions that depend on the geometry of both the reflective cup and the encapsulating lens. In other words, the radiation pattern emitted by the chip is modified by the internal reflection inside the encapsulating lens, the reflection in the back mirror, and by the refraction through lens.
In particular, there are three structural factors that strongly modify the radiation pattern of the emitting region [16] . The first is the roughness of the chip faces which causes every chip face to emit a Lambertian pattern (simple cosine function) or a narrow pattern (narrowed by microstructures on the chip and wave guide effects). Physical models of rough surfaces will often result in a surface reflection and transmission consisting of Gaussian and cosine-power functions [17, 18] . The second factor is the geometry and roughness of the reflective cup. And, the third, geometry of the encapsulant lens, which distorts the radiation pattern produced by the chip and the reflected by the mirror. Also, due to reflections in the internal surface of the lens, another pattern appears, but is weaker than the others. In most cases, the lens angularly narrows the radiation pattern (due to the chip and the mirror), though sometimes it enlarges the pattern.
Taking into account all the above mentioned phenomena, one could assume that the light pattern is a linear combination of certain Lambertian functions and of some other functions generated by diffuse reflections and diffuse refractions (mainly Gaussian and cosine-power angular functions). From the ray-tracing point of view, every ray of light that is diffusely reflected or refracted spreads in a Gaussian or a cosine-power distribution. Therefore, the final radiation pattern should be a linear superposition of this type of functions, which are angularly shifted in function of the angle of incidence of every traced ray. This function overlapping (in a continuous angular range) in turn generates a single Gaussian or cosine-power function, which is:
, this approximation should surely simplify the resulting radiation pattern.
Thus, taking into account all these criteria, we propose the following general and compact analytical representation of the intensity pattern of LEDs as a sum of Gaussian functions:
or as one sum of cosine-power functions:
Here intensity I(θ) [Arbitrary Units / sr] is defined as the flux emitted per unit solid angle in a given direction. θ is the polar angle in a coordinate system centered in the LED. We choose a one-dimensional equation because most of the LED radiation patterns are rotationally symmetric in far field. Otherwise, we could not do this if some rotational asymmetries in the radiation pattern appear due to emission non-homogeneities on the chip surface and some package obstructions (e.g. wire bondings), which is more significant in the mid field. Some LEDs show a quite different radiation pattern in two perpendicular azimuthal directions mainly due to a rotationally asymmetric package. In such a case, an appropriate angular variation should be introduced. A useful example with Gaussian functions is:
and with cosine-power functions 
where φ is the azimuthal angle. Equations (1)- (4) are quite accurate for most LED types, and can be used as a generic LED source model. The radiation pattern can also be represented as a combination of the functions of these equations depending on the type of distribution. In some special cases, one term of the equation can be substituted by two twin terms (see Eq. (8)). These analytical representations are quite compact. For example, an intensity pattern reproduced with the sum of 2 Gaussian (or cosine power) functions requires about 15 sinusoidal functions to be reproduced with a similar accuracy. Equations (1)- (4) have a number of advantages (see Sec. 5), e.g., they can be used for easily determining derivative values, definite integrals, analytic optimization of LED arrays, etc.
If I(θ,φ) is a normalized intensity distribution, the absolute intensity can be computed by measuring the LED flux Φ 0 [19, 20] , or with the value provided by the manufacturer. The absolute intensity is then: The sum of Gaussian and cosine-power functions requires nonlinear regression to fit our model to real data. This issue is reviewed in the next section.
I(θ,φ)

Numerical fitting
Fitting equations to data is a very common mathematical process in different disciplines of science and technology [21] . The numerical adjustment has been very useful to obtain realistic models for a great variety of light sources in both near and far field regions [9, 10, [22] [23] [24] . Here, we fit a compact analytical representation that optically models LEDs, in particular Eqs.
(1)-(4) which are nonlinear in angle.
Nonlinear regression
A nonlinear regression is an iterative procedure, and the program must start with estimated values for each coefficient. It then adjusts these initial values to improve the fit. Not all mathematical programs are suited to efficiently compute a nonlinear fitting. However, some software packages provide initial values automatically if a built-in equation is used. Fortunately, a linear sum of Gaussians is commonly a built-in equation. In the case of mixed equations with cosine powers and Gaussians, initial values must be chosen carefully. For example, the initial value of g2 i or c2 i may be that of an intensity peak. It can be useful to estimate initial values after looking at the data graph and understanding the model.
A nonlinear regression program has no common sense. If some problems arise when estimating initial values, it is convenient to set aside the fitting program and continue fitting by trial and error. Depending on the type of radiation pattern, this process can be quickly performed. However, one must think about the optics of the LED, and decide which parameters should be fixed. Then, change the key coefficients one at a time, and see how they influence the shape of the curve and the accuracy of fitting.
Reconstruction accuracy
To demonstrate the accuracy of reconstruction, the difference between experimental data and modeled equation must be compared by computing both the root mean square (RMS) error and the normalized cross correlation (NCC) [14, 15] .
The RMS error between experiment (I e ) and modeled equation (I m ) can be calculated on a range of M points over the domain. That is
The reconstructed pattern must be sufficiently accurate, regardless of the type of LED. The RMS error must be less than the standard limit of 5% [21] . Using NCC, the similarity between the simulated pattern (I m ) and the measured pattern (I e ) is 
Ī m and Ī e are the mean values of simulation and experimental data across the angular range, respectively. From our experience in designing LED lighting systems for industry, we know that an LED model with a NCC higher than 99% gives enough accuracy for many applications [14, 15] .
Other details
It is important to know which of Eqs. (1)-(4) should be fitted. This depends on the type of radiation pattern. In particular, cosine-power functions are more suitable than Gaussians when the intensity decreases rapidly with the view angle at the sides of the radiation pattern.
Also, the number of Gaussians or cosine-powers in the equation depends on the type of LED. However, all distributions that we reconstructed (next section) basically required a maximum of 3 terms. This can be linked to the contributions of the three basic optical elements of LEDs: chip, mirror, and lens.
LED radiation pattern
Most manufacturers use θ 1/2 (the view angle when radiant intensity is half of the value at 0°) to characterize the angular distribution of LEDs with a single intensity peak. This parameter is simply g3 1 if Eq. (1) has only one simple Gaussian, e.g. I(θ)=g1 1 exp[-ln2(θ/g3 1 ) 2 ]; and this is related to c3 1 (i.e., c3 1 =−ln2/ln(cosθ 1/2 )) if Eq. (2) has only one simple cosine power, e.g.
. Another attribute used is the total included angle, or θ 90 , which describes the cone angle within which 90% of the total flux is radiated. However, additional parameters are needed to render the shape of the radiation pattern. Therefore, we propose that the manufacturer should include a simple formula (like those reported here) with its coefficients in their technical data sheets.
Intensity distribution tables
Tables of coefficients for equations are very common in optics (e.g. constants for glass dispersion formulas). These tables would be very useful for the scientific and technological communities that use LEDs. This is because LEDs are available in a wide variety of beam patterns, and frequently new beam distributions are reported in academics and industry [25, 26] . Figures 1-3 show some modeled radiation patterns of some of the major manufacturers like Nichia, Philips Lumileds, Cree, Edison, Osram, and Seoul Semiconductor. Insets (a), (c), and (e) in Figs. 1-3 are the modeled three-dimensional radiation patterns in polar coordinates (θ,φ). A comparison between the modeled angular distribution and the one reported by the manufacturer is shown in the insets (b), (d), and (f) of Figs. 1-3 . Figures 1(a) and 1(b) show the angular distribution of the LED model NSPW345CS from Nichia. This pattern is rotationally asymmetric, so we used Eq. (3), where the XX cross section is for φ=0º or 180º, and the XY cross section is for φ=90º or 270º. Figures 1(c) and 1(d) show the XLamp® XR-E LED from Cree. This pattern fit better with cosine power functions. And Figs. 1(e) and 1(f) show the LUXEON® Rebel (green, cyan, blue and royalblue) from Lumileds Philips. Note that switching between the upper bound (UB) and the lower bound (LB) only requires changing the relative intensity coefficients (g1 1 y g1 2 ). Because the strength of the two Gaussian terms is linked to the performance of the basic parts of LEDs (chip, mirror, and lens), we can speculate that the variation between the UB and LB is mainly due to manufacturing errors related to the emission, reflection and transmission of the optical flux. In addition, the dependence on only two coefficients for switching between UB and LB makes it easy to simulate manufacturing errors in a system of LEDs with this model.
Figures 2(a) and 2(b) show the angular distribution of the LUXEON® K2 (green, cyan, blue and royal-blue) from Lumileds Philips. Again, the only difference between UB and LB is in the coefficients of the relative intensity g1 1 , g1 2 .y g1 3 . Figures 2(c) and 2(d) show the radiation pattern of a EdiPower™ Emitter 3-RD-01-H0001 LED from Edison. This pattern fits well as a perfect Lambertian emitter, and a first order analysis can be performed by using a simple cosine function, but with a 5.1% RMS error. However, using Eq. (1) with coefficients in Fig. 2(d) improves the analysis accuracy. Figures 2(e) and 2(f) show the distribution of the FIREFLY® Hyper-Bright LB-V19G LED from OSRAM. Its pattern is rotationally asymmetric, thus we used Eq. (4). Only one cosine-power function is required; this fits the pattern better than a Gaussian function because the intensity pattern decreases faster at the sides. The vertical (V) direction is for φ=0º or 180º, and the horizontal (H) direction is for φ=90º or 270º. Figures 3(a) and 3(b) show the angular distribution of the LUXEON® Side Emitter from Lumileds Philips (white, green, cyan, blue and royal-blue). We did not simulate the small central peaks because this requires additional Gaussian functions in Eq. (1), and their contribution to NCC and RMS error is insignificant. Figures 3(c) and 3(d) show the radiation pattern of a LUXEON® Batwing from Lumileds Philips (green, cyan, blue and royal-blue). 
to fit this pattern because it only requires two terms, avoiding the need of additional functions when using Eqs.
(1) or (2) . For this pattern, the difference between UB and LB is in almost all the coefficients of Eq. (8) . This is in contrast with the recent K2 and Rebel models (Figs. 1(f) and 2(b)), which lead us to believe that the manufacturing quality of Lumileds Philips has been improving over time. Figures 3(e) and 3(f) show the distribution of the Z-Power Side Emitter LED from Seoul Semiconductor. To fit this pattern, we had to displace the entire pattern 2.55º to the right on the radiation angle axis, and then perform the fit. Finally, to plot Fig. 3(f) , the resulting Eq. was shifted by 2.55º to the left. This angular deviation of the pattern is probably due to a misalignment of the optical axis of the LEDs tested by the manufacturer. The advantage of rendering the radiation pattern of a technical data sheet is that the pattern comes from several source samples. Therefore, this angular distribution is representative of that particular LED type. As seen in Figs. 1-3 , the rendering accuracy of our model (with respect to manufacturers) is very high; the accuracy threshold, in RMS error and NCC (Sec. 3.2), was surpassed in all cases. 
Irradiance distribution
where r is the distance from the source to a target point. Typically, Cartesian coordinates (x,y,z) are used to analyze irradiance over a plane. In such a case, the irradiance of an LED, with an intensity distribution given by Eqs.
(1)- (5) or (8), is 
( )
If I is the absolute intensity, Eq. (5), then E is the absolute irradiance [W/m 2 ]. If I is the relative intensity (i.e., Eqs. (1)- (4) and (8)), then E is the relative irradiance [(Arbitrary Units)/m 2 ]. Equation (10) can be practically used to analyze the irradiance produced by LED arrays, because the relative position of the j-th LED can be taken into account by simply changing coordinates (x,y) by (x-x j ,y-y j ) [27, 28] .
For example, using the UB radiation pattern of a LUXEON® K2 (green, cyan, blue and royal-blue) from Lumileds Philips, ∫ I(θ)dΩ=4.78 can be obtained to calculate the absolute irradiance. And with a typical radiant flux Φ 0 =575 mW at 1000mA (royal-blue), using Eqs. (5) and (10), the absolute irradiance is 
Applications
Analytical far-field approximations (single Gaussian or single cosine power) of the LED radiation pattern have been used in a wide variety of applications [13, . For example, to determine and optimize the radiation flux reaching detectors, collectors or irradiated targets from arrays of LEDs [29] [30] [31] [32] [33] . They are also used in the design of wireless communication systems [33] [34] [35] [36] , and for using LED traffic lights as transmitters [37] . Analytical functions have been employed in optimizing illumination and color uniformity from LED assemblies in the far and near (with respect to the array size) field [28, [38] [39] [40] . Also, analytic expressions have been used together with ray trace techniques to design a color mixing device for a multicolor LED assembly [41, 42] . Another application is analyzing the LED performance as a light source for a microscope [43] [44] [45] . These simple equations are also used in some stages of the optical design of a LED-based backlight for LCD TVs [46] [47] [48] . And of course, such equations are used in the design of general illumination systems with white LEDs [49, 50] . A single Gaussian or single cosine power is a particular case of our model, as Lambertian (single cosine with c3 1 =1 and c2 1 =0), as imperfect Lambertian (single cosine power with c3 1 >1 and c2 1 =0) [50, 51] , or as perfect Gaussian. The imperfect Lambertian and the perfect Gaussian approaches are very similar, and become practically the same pattern for θ 1/2 <30º. Depending on the accuracy required in simulation, for some applications the uniqueness of individual LED patterns needs to be taken into account [7, 41, 42, 46] . In particular, this is important when the optical system combines the radiation pattern from an array of LEDs. Recently, with our realistic approach, we developed an all analytical method for color pattern determination from multicolor LED arrays [27, 52] . Additionally, the intensity pattern of several sample LEDs could be measured to get a set of model coefficients, and then to simulate the optical system by randomly using the model values in the LED array.
Conclusion
A simple analytic representation for the radiation pattern of the light emitted from an LED was proposed. The radiation distribution was determined by adding a Gaussian or a power cosine expression for contributions from the emitting surfaces, and the light redirected by both the reflecting cup and the encapsulating lens. To render the intensity distributions, the sum of a maximum of 2 or 3 terms was necessary, which is closely linked to the contributions of the three main parts of LEDs (chip, mirror, and lens). The resulting equation is widely applicable for any kind of LED of practical interest, including Lambertian-type, batwing, and side emitting LEDs. We tested this model against LED datasheets of several major manufacturers, and found that it gives a highly accurate description of the radiation pattern. Moreover, the very simple mathematical representation of the model makes it easy to understand, apply, and perhaps improve it. For example, this model may be useful to introduce random manufacturing variations in the radiation pattern of each LED to realistically design lighting systems consisting of multiple LEDs. Additionally, because the LED emission spectra can be a realistically represented by Gaussian functions, the spectral and spatial distributions may be easily incorporated in a compact analytic representation [53] .
